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Observation:

x

y

b
φ

There is a large momentum anisotropy:

v2 ≡
〈px〉2 − 〈py〉2

〈px〉2 + 〈py〉2
≈ 20%

Interpretation

• The medium responds as a fluid to differences in X and Y pressure gradients

• Hydrodynamic models work well enough.

Is the system Large enough? Does it live Long enough for hydro?



How Long and Large is Long/Large Enough ?

• What is the mean free path? `mfp ≡ η
e+p

• The mean free path should be less than the expansion rate 1
τ :

η

e + p︸ ︷︷ ︸
`mfp

1
τ

� 1

• Then using the relation: (e + p) = sT .

η

s︸︷︷︸
Liquid parameter

× 1
τT︸︷︷︸

Experimental parameter: ∼ 1

� 1

1. η/s needs to be small to have interacting QGP at RHIC.

2. Even if η/s is small, dissipative effects are significant!



Perturbative estimate of η/s:

η

e + p
∼ 1

nσ
=

1
n︸︷︷︸
∼T 3

× σ︸︷︷︸
α2

s/T 2

∼ 1
α2

sT

2

• So the Figure of Merit:

1/α2
sT︷ ︸︸ ︷

η/(e + p) ×
1/τ︷ ︸︸ ︷

expansion rate � 1
1
α2

s︸︷︷︸
η/s Liquid Parameter

× 1
τT︸︷︷︸

Experimental Parameter

� 1

• Arnold, Moore, Yaffe found η ≈ 150 T 3/g4, and taking αs → 1/2

η

s
≈ 0.3

(
0.5
αs

)2



Estimates of η/s

1. Perturbative QCD – Kinetic Theory Arnold, Moore, Yaffe.

η ≈ 150 T 3 1
g4 . Set αs → 1/2 and mD → a reasonable value

η

e + p

1
τ
≈ 0.3︸︷︷︸

η/s

1
τT︸︷︷︸
∼1

2. Strongly Coupled conformal N=4 SYM – AdS/CFT Son, Starinets, Policastro

No kinetic theory exists.
η

e + p

1
τ

=
1
4π︸︷︷︸
η/s

1
τT︸︷︷︸
∼1

N = 4 calculation was important. It showed that η/s can be small enough to have

hydro at RHIC, at least theory in some field theories



Outline – Where does hydro break down?

1. Small Systems

– Implications of CuCu Data on Viscosity

2. Large Viscosity and “large” pT

– Efforts to simulate RHIC collisions with viscous hydro

3. Heavy Particles

– Heavy Quarks and implications for Hydro



Observing the mean free path in the Cu-Cu Run:

Based on Bhalero, et al., Phys. Lett. B. ; see also Heiselberg; Voloshin and Poskanzer

• For peripheral AuAu they argue

η

e + p

1
τ
∼ 1

• Inverse Knudsen number≡ the typical number of scatterings

K−1 =
R

`mfp
∼ σ

∫ τf

τo

∼
(

1
S

dN
dy

)︷ ︸︸ ︷
n(τ ′) dτ ′

= σ

(
1
S

dN

dy

)
log

(
τf

τo

)
• In the low density limit K−1 � 1 then expect v2 ∝ K−1

v2 ∝
1
S

dN

dy



• Comparing 1
S

dN
dy in CuCu and AuAu(
v2

ε

)
CuCu

∣∣∣∣
b=5.5 fm

≈ 0.5×
(

v2

ε

)
AuAu

∣∣∣∣
b=8.0 fm

Low density limit prediction!



What is ε in small systems?

• Dynamically ε should be understood as εpart. (Phobos)
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Eccentricity fluctuations and elliptic flow at RHIC
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Fluctuations in nucleon positions can affect the spatial eccentricity of the overlap zone in nucleus-
nucleus collisions. We show that elliptic flow should be scaled by different eccentricities depending
on which method is used for the flow analysis. These eccentricities are estimated semi-analytically.
When v2 is analyzed from 4-particle cumulants, or using the event plane from directed flow in a
zero-degree calorimeter, the result is shown to be insensitive to eccentricity fluctuations.

PACS numbers: 25.75.Ld, 24.10.Nz

1. Introduction
Elliptic flow, v2, is one of the key observables in

nucleus-nucleus collisions at RHIC [1]. It originates
from the almond shape of the overlap zone (see Fig. 1)
which produces, through unequal pressure gradients, an
anisotropy in the transverse momentum distribution [2],
the so-called v2 ≡ 〈cos 2φ〉, where φ’s are the azimuthal
angles of the detected particles with respect to the reac-
tion plane.

Preliminary analyses of v2 in Cu-Cu collisions at RHIC
[3, 4, 5], presented at the QM’2005 conference, reported
values surprisingly large compared to theoretical expec-
tations, almost as large as in Au-Au collisions. It was
shown by the PHOBOS collaboration [4] that fluctua-
tions in nucleon positions provide a natural explanation
for this large magnitude. The idea is the following: The
time scale of the nucleus-nucleus collision at RHIC is so
short that each nucleus sees the nucleus coming in the op-
posite direction in a frozen configuration, with nucleons
located at positions whose probabilities are determined
according to the nuclear wave function. Fluctuations in
the nucleon positions result in fluctuations in the almond
shape and orientation (see Fig. 1), and hence in larger
values of v2.

In this Letter, we discuss various definitions of the ec-
centricity of the overlap zone. We show that estimates
of v2 using different methods should be scaled by appro-
priate choices of the eccentricity. We then compute the
effect of fluctuations on the eccentricity semi-analytically
to leading order in 1/N , where N is the mean number
of participants at a given centrality. A similar study was
recently performed by S. Voloshin on the basis of Monte-
Carlo Glauber calculations [6].

2. Eccentricity scaling and fluctuations
Elliptic flow is determined by the initial density pro-

file. Although its precise value depends on the detailed
shape of the profile, most of the relevant information is
encoded in three quantities: 1) the initial eccentricity of
the overlap zone, ε, which will be defined more precisely
below; 2) the density n, which determines pressure gradi-
ents through the equation of state (by density, we mean
the particle density, n, at the time when elliptic flow de-

x

y

x’

y’

FIG. 1: Schematic view of a collision of two identical nuclei,
in the plane transverse to the beam direction (z-axis). The
x- and y-axes are drawn as per the standard convention. The
dots indicate the positions of participant nucleons. Due to
fluctuations, the overlap zone could be shifted and tilted with
respect to the (x, y) frame. x

′ and y
′ are the principal axes

of inertia of the dots.

velops; this time is of the order of the transverse size R.
Quite remarkably, the density thus defined varies little
with centrality, and has almost the same value in Au-Au
and Cu-Cu collisions at the same colliding energy per
nucleon [7]); 3) the system transverse size R, which de-
termines the number of collisions per particle. v2 scales
like ε for small ε, that is, v2 = εf(n, R).

This proportionality relation is only approximate.
However, hydrodynamical calculations [7] show that it is
a very good approximation in practice for nucleus-nucleus
collisions. Eccentricity scaling holds for integrated flow
as well as for the differential flow of identified particles.
In the latter case, the function f(n, R) also depends on
the mass, transverse momentum and rapidity of the par-
ticle.

Eccentricity scaling of v2 is generally believed to be a
specific prediction of relativistic hydrodynamics. In the
form above, the scaling is expected to be more general: it
does not require thermalization, as implicitly assumed by
hydrodynamics. If thermalization is achieved, that is, if
the system size R is much larger than the mean free path
λ, then the scaling is stronger: v2/ε no longer depends
on R, but only on the density n [7].

Two particle correlations yield

v2{2} =
√〈

v2
2

〉

• To estimate then v2/εpart we should estimate (Bhalero and Olltirault)

v2

εpart
≈ v2{2}

ε{2}
with ε{2} ≡

√〈
ε2part

〉
• Fortunately

εpart ≈
√〈

ε2part

〉



PHOBOS
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FIGURE 2. The elliptic flow v2 as a function of Npart measured at midrapidity (|η | < 1), for Au+Au
and Cu+Cu at√sNN = 200 GeV. The Au+Au and Cu+Cu data are from Ref. [4] and [5], respectively. The
error bars represent the 1σ statistical errors and the boxes are 90% C.L. systematic errors.
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FIGURE 3. Panel a): Mean standard and participant eccentricities, calculated using a Glauber model
and panel b): elliptic flow v2 normalized by the two eccentricities, for Au+Au and Cu+Cu collisions at√sNN = 200 GeV, as a function of the number of participants Npart. Only the 1σ statistical errors of v2 are
reflected in the error bars in panel b).

in Fig. 3(b). While v2/〈εpart〉 is nearly identical for the Cu+Cu and Au+Au systems,
v2/〈εstandard〉 gives unrealistically large values for the most central events. It is clear that
a better understanding of the eccentricity relevant to the reaction dynamics is needed in
order to meaningfully compare systems of such different sizes as Cu+Cu and Au+Au.
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• Low density prediction:

CuCu ≈ 0.5×AuAu(
v2

ε

) ∣∣∣∣
Np=50

≈ 0.5×
(

v2

ε

)∣∣∣∣
Np=100

0.1 ≈ 0.2

Deviations from low density limit?



CuCu Conclusions

• Estimate Knudsen number from this data

K−1 ≡ R

`mfp

<∼ 3

• Estimate the η/s from the Knudsen number

R

K−1
= `mfp =

η

sT

• Substitute R = 1.10 fm and T = 200 MeV�� ��η
s

>∼ 0.33

* I Initially lost interest in CuCu because v2{2} 6= v2{4}.

* v2{2} 6= v2{4} is understood as flucts in εpart . I need to see that

v2{2}
ε{2}

≈ v2{4}
ε{4}



Viscous Simulations of the Heavy Ion Reaction

• Viscous simulations are starting to appear

1. A. Muronga, D. Rischke; D. Teaney; Chaudhuri, Heinz; R. Baier, P. Romatschke;

Koikidee

• Normally in viscous hydrodynamics the stress tensor is written

Tij = pδij − η 〈∂iuj〉 〈∂iuj〉 ≡ ∂iuj + ∂jui −
2
3
δij∂ · u

• All schemes to solve viscous hydro involve a relaxation time approximation

Tij = p δij + πij ∂tπij = −πij + η 〈∂iuj〉
τR

How different is the viscous solution from the ideal solution?



Bjorken Solution with transverse expansion η/s = 0.2
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e 
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=8.2τ

=10.1τ

R (fm)
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v

0

0.2

0.4

0.6

0.8

1 Viscous

Euler

 = 1, 3.5, 6, 8, 10τ

• First the viscous case does less longitudinal work.

• Then the transverse velocity grows more rapidly because the transverse pressure is

larger.

• The larger transverse velocity then reduces the energy density more quickly than ideal

hydro.

Viscous corrections do NOT integrate to give an O(1) change to the flow.



Similar results by other groups:

R. Baier, P. Romatschke, nucl-th/0610108

• Temp. vs. Rad. for different τ

10

0 5 10 15 20 25
r [fm]

0

0.05

0.1

0.15

0.2

0.25
T

 [
G

eV
]

η/s=0.0001
η/s=0.08
η/s=0.3

τ=2.2 fm/c
τ=5.1 fm/c

τ=9.1 fm/c

FIG. 4: Temperature profile for calculations with different η/s (dashed, dotted and solid lines, respectively)
for three different times (see text for details). As expected, for larger values of η/s, differences to ideal hydro-
dynamics are biggest and viscous hydrodynamics initially cools slower than ideal hydrodynamics. However,
note that in certain regions and at later times, viscous hydrodynamics turns out to give temperatures smaller
than the corresponding ideal hydrodynamic calculation.

A. Temperature Profile in Viscous Hydrodynamics

Limiting ourselves to the initial condition Πµν = 0 at τ = τ0, we can investigate the changes of
the temperature profile from the ideal hydrodynamic behavior due to viscous effects. In Fig.4 we
show the temperature as a function of the radius for T0 = 0.36 GeV at τ0 = 1 fm/c, but different
values of η/s, calculated on a lattice with 512 sites and a = 0.25 GeV−1 lattice spacing. Choosing
the temporal time step as δτ = 0.005a we find that the violation

√|(uτ )2 − (ur)2 − 1|, summed
over all lattice sites and divided by the number of sites always stays smaller than one percent,
providing yet another check on the numerics. Finally, we have checked that choosing a = 1 or 0.5
GeV−1 does not result in any noticeable deviations of our calculated temperature profile, thus we
have some confidence that our results are not strongly affected by numerical artifacts.

For early times, the behavior shown in Fig.4 shows that – as in the case of neglecting transverse
flow [36, 39] – in viscous hydrodynamics the temperature decreases slower than in ideal hydrody-
namics. However, at late times this behavior is seemingly counteracted by viscous radial dynamics:
at very small values of the radius, the viscous hydrodynamic equations result in lower tempera-
tures than in the ideal hydrodynamic case. Note that such behavior has been also found by others
[60, 61].

B. Particle Spectra in Viscous Hydrodynamics

The success of the hydrodynamic picture in the context of heavy-ion collision builds upon
the ability to fit the particle spectra observed in these collisions. While now methods of how to
convert hydrodynamic quantities such as energy density and fluid velocity into particle spectra
have reached some sophistication, the main building block still seems to involve the Cooper-Frye
freeze-out prescription [62] in some form or the other, which states that the spectrum of particles

1. Viscosity doesn’t change the solution particularly much.

2. There is a consensus on this result.



Freezeout & Viscous Corrections to Spectra (1)

• The solution is the “same” as ideal case

• Viscosity also changes the thermal distribution function

f → fo + δf δf ∼ pipj

T 2
πij

• The viscous correction grows with momentum

δf ∼ `mfp

L

(
pT

T

)2

• Substitute this viscous correction when performing freezeout integrals for spectra

E
dN

d3p
∼

∫
pµdΣµ (fo + δf)



Freezeout & Viscous Corrections to Spectra (2)

R. Baier, P. Romatschke nucl-th/0610108

• Freezeout T = 0.135

12
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FIG. 5: Particle spectra in ideal and viscous hydrodynamics for a freeze-out temperature of Tf = 0.135
GeV, for fixed initial temperature T0 = 0.36 GeV at τ0 = 1 fm/c (left) and different T0’s at τ0 = 1 fm/c
(right). The value of T0 in the right plot is chosen such that the resulting slope of the spectra best fits the
experimental data [66]. We find that if one adjusts T0 = 0.33 GeV at η/s = 0.08 and T0 = 0.3 at η/s = 0.16,
the resulting particle spectra are nearly indistinguishable, and there is good agreement with experimental
data. We remind that the decay feed-down has been neglected here, which is expected to significantly affect
the pion spectrum.

with the equilibrium part taking the form

E
d3N0

d3p
=

2d

(2π)2

∫
rdrτf(r)

[
m⊥I0(u

rp⊥/T )K1(u
τm⊥/T ) − dτf (r)

d r
p⊥I1(u

rp⊥/T )K0(u
τm⊥/T )

]
,

(35)
where the integral over r runs from 0 to the maximum freeze-out radius if τf (r) is a single-valued
function (else one has to introduce a different parametrization of the freeze-out surface). Noting
that the Bessel K functions always have the argument uτm⊥/T (and similarly for the I’s) we
refrain from writing the argument in the following. Noting that

pµpνΠ
µν = Πr

r

[
2vm⊥p⊥ cosh(y − η) cos(φp − φ) − p2

⊥ cos(2(φp − φ))

−v2m2
⊥ cosh2(y − η) − v2p2

⊥ sin2(φp − φ)
]

+Πη
η

[
−m2

⊥ sinh2(y − η) + p2
⊥ sin2(φp − φ)

]
, (36)

we then find the for the dissipative corrections to the spectrum

E
d3 δN

d3p
=

d

(2π)2

∫
rdr

τf (r)

2T 2(ε + p)

{
2p⊥m⊥vΠr

r

[
m⊥(K0 + K2)I1 − p⊥

dτf

d r
K1(I2 + I0)

]

−p2
⊥Π

r
r

[
2m⊥K1I2 − p⊥

dτf

d r
K0(I3 + I1)

]

−v2m2
⊥Π

r
r

[
1

2
m⊥(3K1 + K3)I0 − p⊥

dτf

d r
(K0 + K2)I1

]

−v2p2
⊥Π

r
r

[
m⊥K1(I0 − I2) − p⊥

dτf

d r
K0

1

2
(I1 − I3)

]

+p2
⊥Π

η
η

[
m⊥K1(I0 − I2) − p⊥

dτf

d r
K0

1

2
(I1 − I3)

]

−m2
⊥Π

η
η

[
m⊥

1

2
(K3 − K1)I0 − p⊥

dτf

d r
(K2 − K0)I1

]}
, (37)

Chaudhuri, Phys. Rev. C. (2006)

• Freezeout T = TC − tiny
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FIG. 7: PT distribution of pions. The solid line is for ideal
fluid. The long-dashed and medium-dashed lines are for
viscous fluid with ADS/CFT (η/s=0.08) and perturbative
(η/s=0.135) estimate of viscosity. Non-equilibrium correction
to equilibrium distribution function is included.
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FIG. 8: Ratio of correction to particle production due to non-
equilibrium distribution to equilibrium distribution function.

is less than 1. In Fig.??, the ratio is shown as a function
of pT . With ADS/CFT estimate of viscosity, η/s=0.08,
non-equilibrium correction to particle production become
comparable to equilibrium contribution beyond pT =5
GeV. However, with perturbative estimate, η/s=0.135,
non-equilibrium correction become comparable to or ex-

pT (GeV)
0 1 2 3 4 5

V 2

0.00
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0.35

!/s=0
!/s=0.08
!/s=0.135

FIG. 9: Elliptic flow as a function of transverse momen-
tum. The solid line is for ideal fluid. The long-dashed,
medium-dashed and short-dashed lines are for viscous fluid
with η/s=0.08 and 0.135 respectively. Non-equilibrium cor-
rection to equilibrium distribution function is included.

ceeds the equilibrium contribution at pT =4.5 GeV. Thus
with perturbative estimate of viscosity, hydrodynamic
description break down above pT ∼ 4.5GeV . The blast
wave model analysis [? ] on the otherhand indicated
that viscous dynamics get invalidated beyond pT ∼1.7
GeV. The results are not contradictory. In the blast wave
model, at the freeze-out, viscosity is quite large, sound at-
tenuation length Γs ∼ 1.4 fm. In the present simulation,
even for perturbative estimate of viscosity, sound atten-
uation length at the freeze-out is Γs ∼ 0.2fm, 7 times
smaller than the sound attenuation length used in the
blast wave analysis. Naturally, non-equilibrium correc-
tions to equilibrium distribution function remains small
over an extended pT range.

We have also calculated the elliptic flow in the model.
Being a ratio, elliptic flow is very sensitive to the model.
Experimentally, elliptic flow saturates at large pT . It
is known that ideal fluid does not explain the satura-
tion of elliptic flow. In contrast to experiment, with
ideal fluid, elliptic flow continues to increase with pT .
In Fig.??, we have compared the elliptic flow in ideal
and viscous fluid. The solid line is v2 for the ideal fluid.
The long-dashed and medium-dashed lines are for vis-
cous fluid with ADS/CFT (η/s=0.08) and perturbative
(η/s=0.135) estimated viscosity. Elliptic flow decreases
with viscosity. As viscosity increases, elliptic flow is also
reduced. We also note that both for ADS/CFT and per-
turbative estimate of viscosity, elliptic flow indicate sat-
uration at large pT . The result is very encouraging, as
experimentally also elliptic flow tends to saturate at large

• The correction comes entirely from the viscous correction to the distribution function

– Yuck!

When viscosity becomes large hydro becomes unusable.



Viscous corrections to the spectra seen in the Data ?

• Expect the spectrum to change as a function of mean free path to system size

f → fo + δf δf ∼ `mfp

L

(
pT

T

)2

• This leads to the prediction that v2(pT ) is not a universal function of pT

v2(pT )
v2

∣∣∣∣
CuCu

6= v2(pT )
v2

∣∣∣∣
AuAu

• PHENIX, nucl-ex/0608033 plots
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sequences of this [15, 23, 26, 29] are that: (i) v2 scal-
ing should hold for a broad range of impact parameters
for which the eccentricity varies, i.e. v2(pT )/ε should
be independent of centrality; (ii) v2(pT ) should be inde-
pendent of colliding system size for a given eccentricity;
and (iii) for different particle species, v2(KET ) at mid-
rapidity should scale with the transverse kinetic energy
KET = mT −m, where mT is the transverse mass of the
particle.

We use high statistics v2 data to test these scaling pre-
dictions and explore constraints for the range of validity
of perfect fluid hydrodynamics. The measurements were
made at

√
sNN = 200 GeV with the PHENIX detec-

tor [30] at RHIC. Approximately 6.5 × 108 Au+Au and
and 8.0 × 107 Cu+Cu minimum-bias collisions were an-
alyzed from the 2004 and 2005 running periods, respec-
tively. The collision vertex z, along the beam direction
was constrained to be within |z| < 30 cm. The event
centrality for Au+Au collisions was determined via cuts
in the space of Beam-Beam Counter (BBC) versus Zero
Degree Calorimeter analog response [31]. For Cu+Cu
only the amplitude of the BBC analog response was used.
Charged hadrons were detected in the two central arms
(|η| ≤ 0.35). Track reconstruction was accomplished us-
ing the drift chambers and two layers of multi-wire pro-
portional chambers with pad readout (PC1 and PC3)
located at radii of 2 m, 2.5 m and 5 m, respectively [30].

The time-of-flight (TOF) detector positioned at a ra-
dial distance of 5.06 m, was used to identify pions (π±),
kaons (K±) and (anti)protons (p)p. The BBCs and TOF-
scintillators provided the global start and stop signals.
These measurements were used in conjunction with the
measured momentum and flight-path length to generate a
mass-squared distribution [32]. A momentum dependent
±2σ cut about each peak in this distribution was used
to identify π±, K± and (p)p in the range 0.2 < pT < 2.5
GeV/c, 0.2 < pT < 2.5 GeV/c and 0.5 < pT < 4.5
GeV/c, respectively. A track confirmation hit within a
2.5σ matching window in PC3/TOF served to eliminate
most albedo, conversions, and resonance decays.

The differential elliptic flow measurements for charged
hadrons and identified particles were obtained with the
reaction plane method. This technique correlates the az-
imuthal angles of charged tracks with the azimuth of the
event plane Φ2, determined via hits in the two BBCs po-
sitioned symmetrically along the beam line, covering the
pseudo-rapidity range 3 < |η| < 3.9 [21]. A large η gap
between the central arms and the particles used for reac-
tion plane determination reduces the influence of possible
non-flow contributions, especially those from jets. Values
of v2 were calculated via the expression

v2 =
〈cos(2(φp − Φ2))〉
〈cos(2(Φ2 − ΦRP ))〉 , (2)

where the denominator represents a resolution factor that
corrects for the difference between the estimated Φ2 and
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FIG. 1: v2 vs. pT for charged hadrons obtained in (a) Au+Au
and (b) Cu+Cu collisions for the centralities indicated. (c)
v2(centrality, pT ) divided by k=3.1 (see text) times the pT -
integrated value v2(centrality) for Au+Au and Cu+Cu.

the true azimuth ΦRP of the reaction plane [21, 33].
The estimated resolution factor of the combined reaction
plane from both BBCs [21] has an average of 0.33 (0.16)
over centrality with a maximum of about 0.42 (0.19) for
Au+Au (Cu+Cu). The estimated correction factor for
the v2 measurements (i.e. the inverse of the resolution
factor) ranges from 2.4 (5.5) to 5.0 (13). Relative system-
atic errors for these v2 values are estimated to be ∼ 5%
and ∼ 10% for Au+Au and Cu+Cu, respectively.

Figure 1 shows the differential v2(pT ) for charged
hadrons obtained in Au+Au and Cu+Cu collisions. The
v2(pT ) results exhibit the familiar increase as collisions
become more peripheral and the pT increase [3, 4, 5].
We test these data for eccentricity scaling by dividing
the differential values shown in Fig. 1 by the v2 inte-
grated over the pT range 0.3-2.5 GeV/c for each of the
indicated centrality selections. The hydrodynamic model
predicts that this ratio is constant with centrality and in-

I find this universal pT dependence difficult to reconcile with viscous hydro



Viscous Hydro Summary

• Viscous hydro is growing up.

• There are still tough issues to be resolved.

• Viscosity will place boundaries on where to believe ideal hydro.

– Low pT – How low?

– Not too early – How early is too early?

– Not too late – How late is too late?



Will heavy quarks thermalize?

• Collisions scarcely change the direction of the heavy quark

θδ
T

T mp~

m
T~θδ

• Thus for heavy quarks random walk

m
T kick ~ N

2
)θδ (kick ~ N

2
)θ∆(

• The equilibration time is then

τ
heavy
R ∼ M

T
τ

light
R ∼ M

T

η

e + p

Can we learn something about the mean free path from heavy quarks?



Langevin description of heavy quark thermalization:

• Write down an equation of motion for the heavy quarks.

dx

dt
= − p

M
dp

dt
= − ηDp︸︷︷︸

Drag

+ ξ(t)︸︷︷︸
Random Force

• The drag and the random force are related〈
ξi(t)ξj(t′)

〉
=

κ

3
δij δ(t− t′) ηD =

κ

2MT

• ηD is rate of momentum loss. 1/ηD is what we intuitively called τcharm
R .

• Einstein relation between the drag and diffusion coefficients.

1
ηD

=
M

T
D

All parameters are related to the heavy quark diffusion coefficient



Want to describe heavy quark energy loss and flow

STAR: nucl-ex/0607012
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FIG. 4: The nuclear modification factor, RAA, for d+Au and
Au+Au collisions at

√
sNN= 200 GeV. Error bars and uncer-

tainties are described in text.

ment of data and theory for bottom than charm pro-
duction at the Tevatron [8], the scale factor 5.5 between
calculated and measured p+p electron yields may over-
estimate the B decay contribution at RHIC, i.e. D decay
may in fact dominate the electron yields in the reported
pT range, making calculation V and others taking dif-
ferent scale factors for B and D better approximations.
Finally, multi-body mechanisms may also contribute to
heavy quark energy loss [29].

We have reported the measurement of high-pT non-
photonic electrons in p+p, d+Au, and Au+Au collisions
at

√
s
NN

= 200 GeV. QCD predictions for heavy quark
production in p+p collisions underpredicts the data, al-
though it describes the overall shape of the pT distribu-
tion relatively well. Large yield suppression is observed in
central Au+Au collisions, consistent with substantial en-
ergy loss of heavy quarks in dense matter. The suppres-
sion is larger than that expected from radiative energy
loss calculations, suggesting for the first time that other
processes contribute significantly to heavy quark energy
loss. This unique sensitivity to the energy loss mecha-
nisms makes the measurement of heavy quark suppres-
sion an essential component of the study of dense matter.
Full description of the interaction between partons and
the medium will require further detailed measurements

of charm and bottom separately.
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• These data are at high momentum.

• The Langevin description and Diffusion is strictly speaking non-relativistic.

Need to extrapolate to learn about transport coefficients



Extrapolating Langevin results to the experimentally relevant momentum range

• Assumes lots and lots of small changes rather than a few hard collisions.

• The drag and gaussian fluctuations becomes a function of momentum.

dp

dt
∝ p ⇔ Extreme Model

• For a given diffusion D, this model will have the smallest RAA

1. Drag increases with momentum – Relaxation time independent of

momentum!

2. Fluctuations are minimal at large pT

Can safely use this model to give an upper bound on D



Connections with strongly coupledN = 4 Super Yang Mills

• An example of a field theory where this model is realized

dP

dt
=

√
λπT 2

2
P

M

with λ = g2Nc is the coupling constant

• Langevin approach appears relatively naturally
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Figure 2: A plot of the function F (u) which determines the string profile, in units where uh = 1.

vv

Figure 3: Schematic drawing of the physical solution (left) in which energy flows toward the horizon,
and the unphysical energy solution (right) in which energy flows away from the horizon.

This function is plotted in Figure 2. It vanishes as u → ∞ and diverges to −∞ as u → uh;
its asymptotic behavior is

F (u) =


− u2

h

3u3
+ O

(u6
h

u7

)
, u → ∞ ;

− 1
4uh

ln
( 2uh

u−uh

)
+

π

8uh
+ O

(u−uh

u2
h

)
, u → uh .

(3.18)

The rate at which energy flows down the string is given by π1
t . As seen in Eq. (3.12),

this energy flux is proportional to C. If C is positive, then energy flows down the string
toward the horizon, and the string profile resembles a tail being dragged behind the moving
quark, as illustrated on the left in Figure 3. If C is negative, then one has the time-reversed
situation: energy flows upward from the horizon and the tail of string leads the quark. We
postulate (as in Ref. [49]) that the physical process we want to describe requires us to pick
purely outgoing boundary conditions at the horizon.13 We have to discard the time-reversed
solution in which energy flows from the black hole to the moving quark.

The resulting rates at which energy and momentum flow toward the horizon are

π1
t

∣∣
u=uh

= T0L
2 u2

h
v2

(1 − v2)2/d

d=4−→ π
2

√
λ T 2 v2

√
1 − v2

, (3.19a)

and
13Here and elsewhere, outgoing refers to moving out of the physical region and into the black hole.
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– C. Herzog et al.; DT and J. Casalderrey; S. Gubser



A Langevin model for the heavy quarks in the medium

• Hydro + Heavy Quarks

• All parameters are related to the diffusion coefficient of the heavy quark,

τcharm
R = M

T D

• Initial spectrum of heavy quarks from Caciarri et. al.

• Fragmentation and Decay of hadrons to get electrons

• Similar Langevin approach followed by Rapp & van Hees

– Different Momentum dependence



Summary

1. Suppression and Elliptic Flow are in-

timately related.

2. From the suppression pattern, we

estimate that

D <∼
12

2πT

3. With this diffusion coefficient, I can’t

produce enough elliptic flow.

4. Rapp and van Hees come closest to

data with coalescence

– Increases RAA

– Increases v2



STAR Data

6

2 4 6 8 10

A
A

R

0.1

1

(a) d+Au

A
A

R

2 4 6 8 10

(b) Au+Au
     (40-80%)

2 4 6 8 10

(c) Au+Au
     (10-40%)

 pT (GeV/c)
2 4 6 8 10

A
A

R

1

0.1
(d) Au+Au (0-5%)

STAR charged hadrons pT > 6 GeV/c 

I:  DGLV R (c+b) 

II:  BDMPS (c+b)

III:  DGLV R+EL (c+b)

IV:  Hees/Rapp EL (c+b)

V:  BDMPS  (c only)

FIG. 4: The nuclear modification factor, RAA, for d+Au and
Au+Au collisions at

√
sNN= 200 GeV. Error bars and uncer-

tainties are described in text.

ment of data and theory for bottom than charm pro-
duction at the Tevatron [8], the scale factor 5.5 between
calculated and measured p+p electron yields may over-
estimate the B decay contribution at RHIC, i.e. D decay
may in fact dominate the electron yields in the reported
pT range, making calculation V and others taking dif-
ferent scale factors for B and D better approximations.
Finally, multi-body mechanisms may also contribute to
heavy quark energy loss [29].

We have reported the measurement of high-pT non-
photonic electrons in p+p, d+Au, and Au+Au collisions
at

√
s
NN

= 200 GeV. QCD predictions for heavy quark
production in p+p collisions underpredicts the data, al-
though it describes the overall shape of the pT distribu-
tion relatively well. Large yield suppression is observed in
central Au+Au collisions, consistent with substantial en-
ergy loss of heavy quarks in dense matter. The suppres-
sion is larger than that expected from radiative energy
loss calculations, suggesting for the first time that other
processes contribute significantly to heavy quark energy
loss. This unique sensitivity to the energy loss mecha-
nisms makes the measurement of heavy quark suppres-
sion an essential component of the study of dense matter.
Full description of the interaction between partons and
the medium will require further detailed measurements

of charm and bottom separately.
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Much more to life than Langevin; apologies to many theorists

Wicks, Horowitz, Djordjevic, Armesto, Mustafa, Zhang, Molnar . . .



Summary – Where does hydro breakdown?

1. Small Systems

– Implications of CuCu Data on Viscosity

∗ Does not support a viscosity which is too small

η

s
>∼ 0.33

∗ More experimental and theoretical work is needed

2. Large Viscosity and “large” pT

– Efforts to simulate RHIC collisions with viscous hydro

∗ Need η/s small (say η/s = 0.3) in order for hydro to be

self-consistent.

∗ Work is in progress to settle remaining issues



3. Heavy Particles

– Heavy Quarks and implications for Hydro

∗ The data are interesting but confusing

∗ Taken at face value

D <∼
12

2πT
∗ Difficult to accommodate the large elliptic flow of heavy flavors

∗ Same problem in the light quark case

Looking forward to LHC


