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• remarkable collectivity at RHIC - “elliptic flow” (v2)

ε ≡ 〈x2−y2〉
〈x2+y2〉 → v2 ≡ 〈p

2
x−p2

y〉
〈p2

x+p2
y〉

ideal hydro vs minbias Au+Au - good agreement for pT < 1.5 GeV
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a better microscope reveals ∼ 10− 20% deviations already at pT = 0.7 GeV
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but: ideal hydro ignores dissipation in both plasma and hadron stage
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quantum mechanics: ∆E ·∆t ≥ h̄/2

kinetic theory: T · λMFP ≥ h̄/3 Gyulassy & Danielewicz ’85

η ≈ 4/5 · T/σtr

s ≈ 4n

⇒ minimal viscosity: η/s = λtrT
5 ≥ 1/15

N = 4 SYM + gauge-gravity duality: η/s ≥ 1/4π

Policastro, Son, Starinets, PRL87 (’02) Kovtun,
Son, Starinets, PRL94 (’05)

no general proof - but this might be a universal lower bound

⇒ no ideal fluids - only “perfect” ones at best (those with minimal viscosity)

[re-branding - ’50s, ’60s: perfect ≡ ideal]
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Viscous hydro
Navier, Stokes, ..., Landau, ..., Baym, Gyulassy, Danielewicz, ...

expansion in gradients → limited to small gradients and viscosities

zero baryon density limit: ∂µTµν = 0 with

T µν = (ε+p)uµuν−pgµν+η(∇µuν + ∇νuµ − 2
3∆

µν∇αuα) + ζ∆µν∇αuα, ∆µν=gµν−uµuν

∇µ=∆µν∂ν

η, ζ - shear and bulk viscosities

features: - entropy production: ∂µSµ
NS ≥ 0

- sound attenuation: ω(k) = csk − i
2k

2Γs , Γs ≡ 4η/3+ζ
ε+p

- slower cooling (1D Hubble): dε
dτ = −ε+p

τ (1− Γs
τ ) Gyulassy & Danielewicz ’85
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back in ’80s, estimate for QGP was: η/s ∼ 1

with recent “perfect liquid” assumption: η/s = 1/4π

DM @ RHIC/AGS Users’ Mtg (June 2005):

entropy production relevant at RHIC already for “minimal” viscosity:

for 1D Bjorken expansion, ideal gas ε = 3p ∝ T 4, ∂iuj 6= 0 (i, j ∈ {0, z})

dε

dτ
+

ε + p

τ
=

4

3

η

τ2
≈ 4

3
κ
ε + p

Tτ2

⇒ T (τ)

T0
=

(τ0

τ

)1/3
[

1 +
2κ

3τ0T0

(

1−
(τ0

τ

)2/3
)]

τs

τ0s0
=

τT 3

τ0T 3
0

≈ 1.1− 1.2

(τ0 = 0.6 fm/c, T0 ∼ 300 MeV, τQGP ∼ 3 − 5 fm/c, κ = 1/4π)

even larger in realistic case (not uniform 1D, also mixed phase)
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Causal viscous hydro
Mueller (’67), Israel & Stewart (’79), ..., Muronga, Teaney, Chaudhuri, Heinz, Romatschke, ...

naive Navier-Stokes violates causality (parabolic modes)

causal formulation i) has new dynamical variables
heat flow qα, bulk pressure Π, shear tensor πij

ii) needs further input: relaxation times τi(p, nB)

e.g, for 1D Bjorken flow:

instead of

πzz = −4η

3τ
≡ πnaive

zz

we have

τππ̇zz + πzz

[

1 +
τπ

2τ
+

ηT

2

˙(
τπ

ηT

)]

= πnaive
zz

→ sufficiently close to equilibrium, causality is restored
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Key point

• with (viscous) hydro we can study the hydrodynamic limit of the
“real” theory (which we otherwise cannot solve)

• several different theories have the same(!) (viscous) hydrodynamic
limit

⇒ we can get our (viscous) hydro solutions via solving any one of the
equivalent theories

this way, we can study viscous hydro today, while viscous hydro algorithms
being developed
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Covariant transport
Boltzmann ..., Israel, Stewart, de Groot, ... Pang, Zhang, Gyulassy, DM, Vance, Csizmadia, Pratt, Cheng, Xu, Greiner ...

Covariant, nonequilibrium approach - formulated in terms of local rates.

Γ2→2(x) ≡ dNscattering

d4x
= σ

n2(x)

2

transport eqn.: fi(~x, ~p, t) - phase space distributions

source 2→ 2 (ZPC, GCP, ...) 2↔ 3 (MPC,Xu−Greiner)

pµ∂µf i(~x, ~p, t) =
︷ ︸︸ ︷

Si(~x, ~p, t) +
︷ ︸︸ ︷

Cel.
i [f ](~x, ~p, t) +

︷ ︸︸ ︷

Cinel.
i [f ](~x, ~p, t) + ...

algorithms: OSCAR code repository @ http://nt3.phys.columbia.edu/OSCAR

HERE: utilize MPC algorithm DM, NPA 697 (’02)
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Hydrodynamic limit of transport
• energy-momentum tensor: T µν(x) =

P

i

R d3p
E pµpνfi(x, ~p)

charge current: Nµ
c (x) =

P

i

R d3p
E pµcifi(x, ~p)

entropy current: Sµ(x) =
P

i

R d3p
E pµfi(x, ~p)

˘

1 − ln[fi(x, ~p)h3]
¯

conservation laws: ∂µTµν = 0, ∂µNµ
c = 0

dissipation: ∂µSµ ≥ 0 ⇒ entropy production, in general

• Ideal fluid limit λ→ 0: local equilibrium f = (2π)−3 exp[pµuµ(x)/T (x)]

T µν
id = (e + p)uµuν − p gµν

∂µSµ = 0 ⇒ entropy conserved

• Viscous hydro λ� length & time scales: near equilibrium - slowly varying

shear viscosity η ≈ 0.8
T

σtr
, relaxation time τπ ≈ 1.2λtr

Israel, Stewart (’79) ...
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DM & Gyulassy, NPA 697 (’02): v2(pT , χ)
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parton transport model MPC
2→ 2 only

Au+Au @ 130 GeV, b = 8 fm

- minijet initconds

- 1 parton → 1 π hadronization

elliptic flow sensitive to dissipation (finite rates)

need σgg ≈ 45 mb → 15× perturbative 2→ 2 rates

inelastic 3 ↔ 2 helps by factor ∼ 2 − 4 (enhances σtr), still not enough Xu, Greiner
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No, still not ideal fluid

ideal hydro vs transport comparison for ultra-relativistic ε = 3p with 2→ 2

from identical RHIC Au+Au initconds, b = 8 fm

DM & Huovinen, PRL94 (’05): final v2(pT ) v2(τ, pT ) for σgg = 47 mb
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even a tiny viscosity matters, if gradients are large

- need |∆T µν| ∼ η |∂<µuν>| � p, i.e., η/s � 3/16 · Tτ ≈ 0.1 − 0.2
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η/s for transport

“minimal” viscosity - corresponds to λtr ≈ 1/(3Teff) ≈ 0.1 fm at τ0 = 0.1 fm

estimate from average density: λtr = 1
〈n〉σtr

for b = 8 fm @ RHIC, transport with 47 mb gives

λtr(τ0) = τ0AT
σtrdN/dη ∼ 1− 2× 10−2 fm

estimate from transport opacity χ: assuming 1D Bjorken expansion

χ =
∫

dz ρ(z)σtr ∼
∫

dτρ0
τ0
τ σtr = τ0

λtr(τ0)
ln L

τ0

for b = 8 fm @ RHIC, transport with 47 mb gives χ ≈ 20

→ λtr(τ0) ∼ 1.5− 2× 10−2 fm (!)

⇒ σgg ≈ 50 mb is already better than best-case scenario
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σ ≈ 47 mb dynamics corresponds to η/s ∼ 1/(σT 2)

1 − 3 fm0.1 fm

∼
1

4π

∼
1

40π −
1

20π

∝ τ 2/3

τ

η
/s

initially “better than perfect”, after τ ∼ 1− 3 fm “less than perfect”
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η/s = const, needs growing σ(τ) ∝ 1/T 2 ∝ τ2/3

redo comparison with “minimal viscosity” - σgg(τ = 0.1 fm) ∼ 4− 9 mb

DM ’06
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⇒ still 20− 30% reduction, even at low pT
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main effect of viscosity - momentum anisotropy: plongit/ptransv > 1

px = py ≡ p− πzz

2
> pz ≡ p + πzz

causal viscous hydro for 1D Bjorken:

DM & Huovinen (’06):

ṗ +
4p

3τ
= −πzz

3τ

π̇zz +
πzz

τ

(
5τ

6λtr(τ)
+

4

3

)

= −8p

9τ
.

i) constant cross section: λtr(τ) = λtr(τ0)τ/τ0

ii) constant η/s: λtr(τ) = λtr(τ0)
T 2τ
T 2

0 τ0
= λtr(τ0)

p2(τ)τ3

p2(τ0)τ
3
0

these two cases are quite different because after τ >∼ few τ0:

i) gives pz/px = const < 1
ii) gives pz/px → 1 slowly from below
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Gyulassy, Pang, Zhang (’97): 1+1D kinetic

0.0 2.0 4.0 6.0
τ fm/c

0

100

200

300

400

500

600
dE

T
/d

y 
G

eV

3 mb

8 mb

32 mb

Free Stream

Euler Hydro

Navier-Stokes

Kinetic

DM & Gyulassy (’00): 3+1D kinetic theory
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DM (’06): η/s ∼ 1/(4π) Teaney (’04): estimate at FO from id.hydro Γs ≡ 4η
3sT
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Conclusions

can study viscous hydro with dense transport - no acausal behavior

e.g., shear viscosity η ≈ 4T/5σtr

σgg = 50 mb gives strong dissipation at RHIC, however early evolution is
inconsistent with (conjectured) lower viscosity bound - “better than perfect”
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results for ultra-relativistic system (ε = 3p) indicate that even for “minimal”
η/s = 1/(4π), elliptic flow is 20− 30% reduced by dissipation
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List of assumptions
initial conditions

- geometry - assumed Glauber-like dN/dy × f(~xT )

other possibilities - “octupole twist” Adil & Gyulassy, PRC72 (’05)
η

x

Participant / Binary Density

One jet quenched
Both jets quenched

One jet quenched

color glass condensate Adil, Gyulassy, Hirano, Kovchegov, Heinz, Dumitru, Nara, ... (’05 - ’06)

- question of initial radial flow

- fluctuations

dynamics
- limited equation of state - no phase transitions

but: most of elliptic flow builds up in the plasma phase

- shear viscosity and shear relaxation time related, determined by same transition probability

but: much faster relaxation violates causality

- 2 → 2 conserves particle number

but: this mainly affects temperature, not energy-momentum balance

also: in local equilibrium, number is conserved - s = 4n

- universal η/s ≥ 1/(4π) - does it apply to QCD?
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it is nontrivial whether causal viscous hydro is a consistent limit

naive Navier-Stokes: comes from separation of scales (long time and
length scales)
- keeps only linear terms in gradients, e.g., ∂µuν

causal formulation: keeps second derivatives but ignores the square
of first derivatives
- mixes short and long scales

e.g., kinetic theory: difference between Chapman-Enskog expansion
and Grad’s 14-moment approximation
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Example: Molnar’s Parton Cascade

Elementary processes: elastic 2 → 2 processes + gg ↔ qq̄, qq̄ → q′q̄′ + ggg ↔ gg

Equation for f i(x, ~p): i = {g, d, d̄, u, ū, ...}

p
µ
1∂µf̃

i
(x, ~p1) =

π4

2

X

jkl

Z

2

Z

3

Z

4

“

f̃
k
3f̃

l
4 − f̃

i
1f̃

j
2

” ˛

˛

˛M̄
i+j→k+l
12→34

˛

˛

˛

2

δ
4
(12 − 34)

+
π4

12

Z

2

Z

3

Z

4

Z

5

 

f̃ i
3f̃

i
4f̃

i
5

gi

− f̃
i
1f̃

i
2

!

˛

˛

˛M̄
i+i→i+i+i
12→345

˛

˛

˛

2

δ
4
(12−345)

+
π4

8

Z

2

Z

3

Z

4

Z

5

 

f̃
i
4f̃

i
5 −

f̃ i
1f̃

i
2f̃

i
3

gi

!

˛

˛

˛M̄
i+i→i+i+i
45→123

˛

˛

˛

2

δ
4
(123−45)

+ S̃
i
(x, ~p1)

↙2→ 2

↙ 2↔ 3

↙ 3↔ 2

← initial conditions

with shorthands:

f̃ q
i ≡ (2π)3fq(x, ~pi),

R

i

≡
R d3pi

(2π)3Ei
, δ4(p1+p2−p3−p4) ≡ δ4(12 − 34)
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mean free path: characterizes local conditions

λ(x) ≡ 1

cross section× density(x)

{
λ = 0 − ideal hydrodynamics
λ =∞− free streaming

transport opacity: time-integrated, spatially averaged [DM & Gyulassy NPA 697 (’02)]

χ ≡〈ncoll〉〈sin2 θCM〉 ∼ # of collisions per parton×mom. transfer efficiency

θ

χ =
∫

dz ρ(z)σtransp =
∫

dz 1
λtr(z)

near equilibrium: related to transport coefficients (viscosity, diffusion constants)

e.g., shear viscosity η ≈ 4
5

T
σtr
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σ = const vs σ ∝
1

T 2 ∼ τ 2/3
(1D Bjorken)

∝ τ
0

τ

σ

∝ τ 2/3

τ

σ

∝ τ 2/3

τ

η
/s

∝ τ 0

τ

η
/s

since η/s ∝ 1/(σT 2)
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Lorentz covariance violation
Naive 2→ 2 cascade nonlocal - action at distance d <

√
σ
π

recall - NO-GO theorems in relativistic Hamilton dynamics Currie, Jordan, Sudarshan...

subdivision: rescale f → f · `, σ → σ/` ⇒ d ∝ `−1/2 local as ` → ∞

DM & Gyulassy (’02): v2(pT ) spectra
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